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The advent of the digital computer has allowed workers in the field of biomechanics to perform
data smoothing and time differentiation numerically. The methods which are most commonly
used are spline functions and digital filtering. This paper provides raw displacement-time data for
an object falling in the earth’s gravitational field and demonstrates the results obtained using
splines and digital filtering to calculate acceleration. It is recommended that the quintic spline is
a good method to use provided one has sufficient core available, and the digital filter, with some
form of augmentation and/or velocity smoothing, can yield satisfactory results for the user who
has a mini- or micro-computer. Listings of the digital filter and finite difference subroutines are
provided.

Introduction

Before the advent of the digital computer, workers in the field of biomechanics
were obliged to perform their data smoothing and time differentiation using graphical
techniques. Despite the obvious tedium involved, many of these early workers were
quite prolific in their output and their findings agree quite well with the results of
today. For many years applied mathematicians have been developing algorithms for
the numerical smoothing and differentiation of displacement data, but it is only
recently that these algorithms have become widely used.

The methods which appear to be most commonly used in biomechanics research
at present involve use of spline functions and digital filtering (Miller, 1979). The
spline is a piecewise differentiable polynominal function satisfying certain continuity
conditions on the derivatives at the data points. It was first developed and then
expanded by a German mathematician, Reinsch (1967, 1971) (cf. also Herriot and
Reinsch, 1976). The International Mathematical and Statistical Libraries (IMSL)
(1975) made available FORTRAN subroutines which incorporated the.cubic spline
algorithm, and these subroutines have been used extensively by biomechanics
researchers. Zernicke et al. (1976) compared various smoothing and differentiating
techniques and concluded that the cubic spline of the IMSL subroutine gave very
acceptable results except at the endpoints where acceleration was known to be non-
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zero. More recently, two workers from the University of Western Australia, Wood
and Jennings (1978, 1979), have shown that the quintic spline does not suffer from
endpoint problems of the cubic spline. Furthermore, since the acceleration derivative
(‘jerk’) was continuous, the authors concluded that the kinetic data generated were
more likely to approximate true human movement.

Workers at the University of Waterloo in Canada, led by Winter (1974, 1979),
have used a second order Butterworth digital filter to smooth the raw data, and first
order finite differences for differentiation. Pezzack et al. (1977) compared the accele-
ration curves generated from film data with analogue curves from an accelerometer,
for the planar movement of a single segment. They actually provided the raw angular
displacement data so that anyone wishing to replicate their study, or to attempt an
alternative smoothing and differentiation procedure, could do so. This was done by
Wood and Jennings (1978, 1979) who showed that use of the cubic and quintic spline
functions gave excellent acceleration data. Lesh et al. (1979), using a non-recursive
digital filter described by Rabiner et al. (1975), also obtained satisfactory acceleration
values for the displacement data of Pezzack et al. (1977). Others to have used these
data were Phillips et al. (1980), who showed that use of an augmented cubic spline
(i.e. data points were added at the beginning and end) gave superior results to those
obtained when Winter’s digital filter was used. This occurred for the special case where
the displacement data were terminated at the point where the acceleration was known
to be of greatest magnitude.

Various authors have presented different methods for smoothing and differentiating
raw displacement data which appear to give satisfactory results for their particular
application. However, it is not always possible to check the validity of a particular
method nor is it easy to obtain a program listing which can be readily adapted to
any machine. The purposes of the present paper are therefore:

(1) to provide raw displacement data for which the associated acceleration is
known exactly;

(2) to demonstrate the differentiation results obtained using splines and digital
filtering;

(3) to suggest an appropriate method to be used by biomechanics researchers;
and .

(4) to provide a listing of the short digital filter program for smoothing (Radar
et al, 1967; Winter et al., 1974) and a first order finite difference program
for differentiating (Miller et al., 1973).

Spline theory

The spline is a piecewise differentiable polynomial function s(¢/ satisfying certain
continuity conditions on the derivatives at the data points. The problem is to find a
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spline function s(z) of degree 2m — 1 (where m refers to the mth derivative) which
minimises the integral

tn m
jtl [s™(£)] 2dt o

The smoothing is controlled by the boundary condition
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where o, are the standard errors in the displacement data, and where S i$ a parameter
that specifies the extent of smoothing. If m = 2, the norm of the second derivative is
minimised, and s{¢/ is a cubic spline; if m = 3, s(t) is a quintic spline. Further details
may be found in Reinsch (1967, 1971) or Wood and Jennings (1978, 1979). Suppose
that the cubic spline s(¢) has been determined for a particular time interval. The first
and second derivatives then follow quite naturally:

s@t) = Cat® + G2 + Cyt + Gy 3)
§(f) = 6C3t + 2C, (5)

The IMSL cubic spline subroutine ICSSCU was used in the present study, as was an
adaptation of the quintic spline subroutines of Jennings (1979). Both sets of programs
were used on an IBM 370 machine.

Digital filter theory

In human movement activities the frequency of the displacement signal is almost
always less than the frequency of the noise. The purpose of a digital filter, therefore, is
to filter out the high-frequency noise while allowing the low-frequency displacement
signal to pass through untouched. The format of a low-pass digital filter is as follows:

’ ! !
X =agx; *tayx; toayx; , +byx; |+ byx; ©)

i-2

where x' refers to filtered output coordinates, x refers to unfiltered coordinate data,
i refers to the ith sample frame, and ag* * * b, are the filter coefficients. These filter
coefficients are constants that depend on the type and order of the filter, the sampling
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frequency (i.e. frame rate), and the cutoff frequency (i.e. how much noise should be
attenuated). As can be seen from Eqn. (6), the filtered output x:. is a weighted version
of the immediate and past raw data, plus a weighted contribution of past filtered
output.

For the present study, the second-order low-pass Butterworth filter was used.
Further details may be obtained in Rabiner et al. (1975) or Winter (1979). A listing
of the subroutine DIGFIL is included at the end of this paper as an appendix.

Finite difference theory

Finite difference methods have been based on Taylor series expansions (Miller
et al., 1973) and have provided formulae for calculating first and second derivatives of
displacement-time data. The first and second derivatives (i.e. velocity and acceleration)
are expressible as

% = i+1 i-1 (7)

x.=xi+l—2xl'+xi-l (8)
H (At)2

where x is an imput data point, i refers to the ith point, and Az is the time between
adjacent points. Equations (7) and (8) are known as central difference formulae.
Forward and backward difference formulae were used for derivatives of displacement
data at the beginning and end of the data set (Miller et al., 1973). All these formulae
are approximations since the time interval Az is not infinitely small. Therefore, any
noise in the input signal has a large influence on the accuracy of the derivative values
(Lesh et al., 1979). A listing of the subroutine FIDIFF is included at the end of this
paper as an appendix. .

Collection of data

A golf ball, falling in the earth’s gravitational field, was filmed with the aid of
a Locam high-speed motion camera. The frame rate was set at approximately
100 frames/s. Accurate temporal calibration was done by means of a large clock with
a 1-s sweep placed in the camera’s field of view, while the linear calibration was
achieved by placing a scale of known length in the ball’s plane of movement. The
film was digitised on a Vanguard Motion Analyser which had an image size of
14 cm X 19 cm and a resolution of 0.025 mm. On average, objects viewed on the
Vanguard image were 1/25 their real-life size.
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If air resistance on the golf ball is ignored (and this is a reasonable assumption when
all factors are considered), the upward acceleration has the form:

y=-¢g ©)

where the double dots indicate double differentiation with respect to time and g is
the acceleration due to gravity (a constant, approximately equal to 9.8 m/s?). Integra-
tion yields the expression for the vertical displacement

¥ = yo+ yot—3igf (10)

where yo and y, are the initial displacement and velocity values respectively. It was
possible, using a least-squares minimisation technique, to fit a second order polynomial
to the displacement-time data, and see whether the value for g could be accurately
predicted. This was done and the results are presented in the next section. Each of the
smoothing and differentiating methods (splines and digital filtering) was used to obtain
acceleration and these results too are presented in the next section.

Results

The raw displacement data for the falling golf ball are presented in Table 1. The
purpose of including these data is to provide an opportunity for replicating the study
or attempting an alternative smoothing and differentiating procedure. It should be
pointed out that the first point digitised did not coincide with the instant of ball
release since that point was difficult to observe and the camera had not reached a
constant frame rate. The initial velocity of the ball was therefore not equal to zero.

TABLE 1
RAW DISPLACEMENT DATA FOR FALLING GOLF BALL

Measured in m above ground level; time between consecutive data points is 0.00985 s.

1.770 1.757 1.748 1.740 1.726
1.715 1.698 1.683 1.667 1.651
1.632 1.612 1.593 1.572 1.551
1.530 1.507 1.483 1.445 1.428
1.401 1.371 1.343 1.311 1.279
1.245 1.212 1.175 1.143 1.105
1.063 1.029 0.991 0.953 0.910
0.869 0.823 0.779 0.732 0.691
0.644 0.595 0.548 0.501 0.447

0.395 0.350 0.294 0.243 0.185
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A parabola was fitted to these data by the least-squares method. A Hewlett Packard
HP-9815A desk top calculator, which used a packaged program, was employed for
this purpose. The following result was obtained:

y = L.771—0.927t — 4.8961* an

The correlation coefficient between measured and predicted displacements was 1.000
and the standard error of the estimate was 0.003 m. Reference to Eqn. (10) shows that
the initial displacement was 1.771 m, the initial velocity was —0.927 m/s, and the
value for the acceleration (in the absence of velocity dependent retardation forces)
due to gravity was (—4.896 X 2 =) --9.792 m/s%. This value for g compares very favour-
ably with the Iowa Geological Survey’s value of —9.802418 m/s? for the Iowa City
Municipal Airport (Hase et al., 1969). (Note: parts of this study were performed while
the author was a doctoral student at the University of Iowa.)

Five separate methods were used to smooth and differentiate the raw data of
Table 1:

(a) a cubic spline (IMSL, 1975) with 0,= 1.0 and s = 0.0005 (cf. Eqn. (2));

(b) a quintic spline (Jennings, 1979) with 0; = 1.0 and s = 0.0005;

(c) a digital filter (Winter et al., 1974) with a cutoff frequency of 6.0 followed
by first order finite differences (Miller et al., 1973);

(d) a digital filter with a cutoff frequency of 6.0 and the raw data augmented by
10 points at the beginning and end, followed by first order finite differences;
and

(e) a digital filter with cutoff of 6.0 and augmented by 20 points where the filter
is applied a second time (cutoff = 4.0) to smooth the velocity-time data.

The results of each of these procedures are presented in Figs. 1—5. Figures 1-3
were drawn to the same scale while Figs. 4 and 5, which were done at a later date,
are slightly different (Missing points in Figs. 3 and 4 were out of the —15 to 5 m/s?
scale.)

The curve generated by the cubic spline in Fig, 1 illustrates the requirement of
zero accelerations at the end-points. Figure 1 is in fact very similar to the curve of
McLaughlin et al. (1977) who also used a cubic spline to generate the acceleration
of a falling weight. The acceleration obtained by the quintic spline (Fig. 2) is an
extremely good approximation to the gravitational constant of —9.802 m/s®. The
results of the ball drop experiment suggest therefore that the quintic spline is superior
to the digital filter and the cubic spline.

The end-point problems of the digital filter (Fig. 3) which are independent of the
cutoff frequency used, are in agreement with the findings of Phillips et al. -(1980).

Despite the obvious success of the quintic spline in predicting acceleration for the
raw data of Table 1, a serious drawback is the length of the program especially if the
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Fig. 2. Vertical acceleration for ball-drop experiment (quintic spline).
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Fig. 3. Vertical acceleration for ball-drop experiment (digital filter and first order finite differ-
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Fig. 4. Vertical acceleration for ball-drop experiment (digital filter and first order finite différences,
augmenting displacement data by 10).



Data smoothing and time differentiation 383

DIGITAL FILTER

5 I
augment by 20
CUTOFF1 = 60

0 CUTOFF2= 40

I

00 01 02 03 04 05
TIME (s)

Fig. 5. Vertical acceleration for ball-drop experiment (digital filter and first order finite differences,
augmenting displacement data by 20 and filtering velocity data).
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user is working in a mini- or micro-computer environment. This problem prompted
further work with the digital filter which together with the finite difference program
(cf. Appendix) require relatively little memory.

Comparison of Figs. 3 and 4 shows that augmentation by 10 does lead to some
improvement, although the acceleration is still quite ‘noisy’. Augmentation by 20 plus
filtering the velocity data gives a substantial improvement although the result is still
not as good as that of the quintic spline (Fig. 5). It may be argued that an alternative
means of augmenting is to digitise extra frames before and after the period of interest
rather than to augment artifically as was done in this study. However, digitising can
be a long and tedious procedure (approximately 1 h/patient for a full gait cycle) so
more digitising than that necessary is not recommended.

Conclusions

Based on the limited data provided in this paper — which concern a body falling
in the earth’s gravitational field, a situation quite similar to some biomechanical
activities — the following conclusions may be drawn:

(1) the quintic spline is a good method to use for smoothing and differentiating
raw displacement data provided one has sufficient core available; and

(2) the digital filter, with some form of augmentation and/or velocity smoothing,
can yield satisfactory results for the user who has a small machine.
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APPENDIX

SUBROUTINE DIGFIL (N ,RD,FD,CUTOFF,DT)
CHESRREARERREE IR SRR AERRRRRRR BRI KRR R SRR AR RS SRS AR AR KKK AR AR R RRR KRR R RN R RS

PROGRAMNER : KIT VAUGHAN PEBRUARY 1980

THIS SUBPROGRAM SMOOTHS RAW DISPLACEMENT TIME DATA (SAMPLED AT EQUAL
TIME INTERVALS) USING A DIGITAL FILTER TECHNIQUE. IT HAS BEEN ADAPTED
PROM THE POLLOWING TWO REFERENCES

C
(o}
C
C
C
C
c
C RADAR,C.M. AND B.GOLD

C DIGITAL PILTERING DESIGN TECHRIQUES IN THE FREQUENCY DOMAIN
[ PROCEEDIKGS IEPE, 55:149-171, 1967
[of

[+

C

C

C

C

[of

C

Cc

C

WINTER,D.A., H.G.SIDWALL AND D.A.HOBSON
BEASUREMENT AND REDUCTION OF NOISE IN KINEMATICS OF LOCOMOTION
JOURNAL OF BIOMECHANICS, 7:157-159, 1974

¥ IS THE NUMBER OF DATA POINTS, RD IS THE RAW DATA, FD IS THE FILTERED
DATA, CUTOFF IS THE CUTOFF FREQUENCY DESIRELI FOR THE FILTERING PROCEDURE
*AND DT IS THE INVERSE OF THE SAMPLING FREQUERCY

EERERERREREERERE R R EER KRR KRR I ARE RS KRR RS S RE RN R R AR EE R KRR R KRR KRR B S
DIMENSION RD (W) ,FD(N) ,RT (500)
CUTOPF=CUTOFF/0.802
Sv=1,/{CUTOFF*DT)
IFP{SV.LT.4.0) GO 10 7
PI=4,*ATAN(1.) T
Z=PI*CUTOFF*LT
21=SIK (Z) .
72=C0S (2)

WC=21/22
A=2,*¥C*SQRT (0. 5)
B=0.5%A%2

CERRESREFEBER R AR ERKE BB RE R R RREXRERRRRE SR RR A KRR R RR BRI R KER R R RERK XK RN A RS RSB AR K

c
[ DEFINE THE FILTER COEFFICIENTS

ChERRk R keSS R R bR kR BBk kA E RN R kR kR R KRR RN Rk R R kR kR Rk kxR Rk KD
C1=B/(1.0+A¢B)
c2=2.%C1
c3=C1
Cl=2.% (1.0-B) /(1.041+B)
C5=(A~B=1.0) /(1.0+A+B)

po 1 I=1,8

1 RT(I) =RD (I)
II=1

6 CONTINUE

FD{1)=RT (1)

FD(2) =RT (2)
Ct‘#"t““‘t#**‘#**‘***i‘##t#it#****#t*‘t#*‘tt‘t#t#t*tt‘#‘##t*ti#ttti‘i'l#“tﬁ#
c
C SMOOTH USIRG THE LOW-PASS DIGITAL FILTER
c

CHERRE S A E R R RS R REE RN R KRR AR R R AR R R REERRKE LR R R R R R TR KRR R AR R Rk kR kKRR AR

Do 2 I=3,N
2 FD (I)=C1%RBT (I) +C2#RT (I-1) +C3*RT(I-2) +C4*FD (I-1) +C5*FD (I-2)
J=1
K=N
Do 4 I=1,N
BT (I)=FD (K)
J=J+1
K=§-J+1

L} CONTIRUE
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II=IT+1
IF(II.LE.2) GO T0 6
DO 5 I=1,%
5 PD(I) =RT (I)
COTOPP=0.802%CUTOFF
RETURN
7 WRITE (6, 100)
100  PORMAT(1X,* SAMPLING THEORY VIOLATED',/,
1 ' (SAMPLE RATE/CUTOFF) .LT. 4')
RETORN
ERD

SUBROUTIRE PIDIFP (N,DT,X,XD,XDD)
CRERRRSEREREERERRERUEEREEXEERRERERRRRRERR AR EE RN ERRRRR AR R KRR AR R R R R R R R R X

PROGRAMMER : KIT VAUGHAN FEBRUARY 1980

THIS SUBPROGRAM USES FORMULAE BASED ON FIRST ORDER FINITE

DIFFPERENCES ( MILLER D.I. AND R.C. NELSON , BIOMECHANICS OF SPORT,
LEA AND FEBIGER, 1973) FOR OBTAIRING THE FIRST AND SECOND DERIVATIVES
OP DISPLACEMENT TINE DATA

N IS THEE NUMBER OF DATA POINTS, DT IS THE INVERSE OF THE SAMPLING
FREQUENCY,X IS DISPLACEMERT, XD IS VELOCITY AND XDD IS ACCELERATION

a0 nn

CREREERRRRRERRRARKRRERERERRRER KRR R A RRER B R AR R R R R R R R R Rk kR kR Rk Rk RN p bk

DIMENSION X (N) ,XD (N) ,XDD (N)
CREAEEEREREXERNEREEREE KRR KR SRR ERR R RS RE R KRR R R R R R KRR kR kR Rk R Rk Rk kKR Rk

[

c FORWARD DIFFERENCES

[of

CARBRERRERKRERE KRR DMK RRERREERR AR RAR SRR R KA KRR IR R AR AR R R R AR R AR AR

XD{1) =(X{2)-X(1)) DT
XDD (1) = (X (3) 2. *X (2) +X (1)) / (DT#DT)

CERREPR R RAEE S FRR AR AR A REXERRERSERRKERTRRE SRR EZIFIFFXRRRRRE SRR XXX A R RA SRR ERR R R KR K

[
C CENTRAL DIFPERENCES
[
CHABREEBEBARRARRRRERR SR EERRERRRERREREE SRR AR IR ARG RRBARRA KKK AR ERARE KKK KR KKK
NR=N-1
DO 1 I=2,NNW

XD (I)= (X (I+1)~X (I-1))}/(2.*DT)
XDD (I) = (X(I¢1)-2.%X (I)+X (I-1))/ (DT*DT)

1 . CORTIRUE
CESERR SRR RERHAE R RERERRR KR SRR EE R KRR RR R EB IR RR RS RRRERRR AR KK R KRR R R REER R kAR ERREK

c
C  BACKWARD DIFFERENCES
c
C*‘*.#“.".t#.#‘#‘Q‘#..'t“‘#"ti*’#&**tt*###*'*'*#l#*t##t*‘*###t**t##ttlt####t
XD (N)= (X (¥) -X (§-1)) /DT
XDD (N) = (X (N) ~2.*X (N~1) +X (N~2)) / {DT*DT)
RETURN
ESD



